Let X be a Stein manifold of complex dimension at least two, F : X → C n a local biholomorphism, and q ∈ F (X). In this paper we formulate sufficient conditions, involving only objects naturally associated to q, in order for the fiber over q to be finite. Assume that F −1 (l) is 1-connected for the generic complex line l containing q, and F −1 (l) has finitely many components whenever l is an exceptional line through q. Using arguments from topology and differential geometry, we establish a sharp estimate on the size of F −1 (q). It follows that for n ≥ 2 a local biholomorphism of X onto C n is invertible if and only if the pull-back of every complex line is 1-connected.
1 Introduction.
The theory of holomorphic maps F : X → C n , where X is a connected non-compact complex manifold of dimension n ≥ 2, has been the object of much research over the years. As expected, most of these works make extensive use of various analytical tools, a prime example being Nevanlinna theory.
In this paper, by contrast, we use only topological and geometric arguments to address the problem of estimating the size of a fiber, specified in advance, of a given local biholomorphism: Theorem 1.1. Let X be a connected non-compact complex manifold of dimension at least two, F : X → C n a local biholomorphism, and q a point in the image of F . Assume that a) X carries a complete Kähler metric of negative holomorphic sectional curvature.
b) The pre-image of the generic complex line containing q is 1-connected.
c) The pre-image of any exceptional complex line through q has finitely many components. Then, the fiber F −1 (q) is finite. In fact,
The topological hypotheses b) and c) in Theorem 1.1 are essential for the validity of the theorem, and the estimate (1.1) is sharp (see Section 3). The necessity for the geometric hypothesis a), on the other hand, seems to be a subtler matter, and remains an unsettled question.
The word generic in the statement of Theorem 1.1 is, of course, to be understood in the usual sense. For the sake of clarity, and to establish notation, we recall its meaning. After a translation by −q, the set of complex lines in C n that pass through q is naturally identified with the complex projective space CP n−1 . A property P about such lines is satisfied generically if there exists a complex hypersurface Σ ⊂ CP n−1 such that P holds for all elements of CP n−1 −Σ. Lines associated to Σ are deemed non-generic or exceptional. If n = 2, P is satisfied generically if it holds for all lines arising from the complement of a finite subset of CP 1 . It should be pointed out that the estimate on the size of the fiber F −1 (q) involves only objects naturally associated to q. We also observe that when n = 2 the actual finite number of exceptional lines in Theorem 1.1 is not relevant for the estimate on the size of the fiber. In this case, (1.1) reduces to
where a)-c) are in force, and the maximum is taken over all complex lines l containing q.
The theorem is new even in the classical case X = C n , n ≥ 2. In fact, it holds if X is a Stein manifold. Indeed, an explicit construction of complete Kähler metrics in C N with negative sectional curvature, hence with negative holomorphic sectional curvature, can be found in [12] (see also [5] , [13] ). Being Stein, X can be properly embedded as a complex submanifold of some C N . Endowing the latter with a metric as above, it follows from ( [6] , p.164, 176) that the induced metric on X satisfies a) in Theorem 1.1. Corollary 1.2. Let X be a connected Stein manifold of complex dimension at least two, F : X → C n a local biholomorphism, and q a point in the image of F . If F −1 (l) is 1-connected for the generic complex line l containing q, and F −1 (l) has finitely many components whenever l is an exceptional line through q, then F −1 (q) is finite.
The next result is a direct consequence of estimate (1.1): Corollary 1.3. Let X be a connected complex n-manifold that carries a complete Kähler metric of negative holomorphic sectional curvature, and F : X → C n a local biholomorphism, n ≥ 2. If the pre-image under F of every affine complex line that intersects F (X) is 1-connected, then F is injective. Corollary 1.4. A surjective local biholomorphism F : C n → C n , n ≥ 2, is invertible if and only if the pre-image of every complex line is a 1-connected set.
The proof of Theorem 1.1 represents a substantial elaboration of the basic idea that motivated the main result in [8] :
A local biholomorphism F : Y → C n , n ≥ 2, is injective if the pre-image of every complex line that intersects F (Y ) is conformal to a connected rational curve.
(As communicated to us by S. Nollet, in the special case of certain algebraic maps the above result follows from the famous Bend-and-Break Lemma of S. Mori.) However, we stress that the techniques and results in [8] are quite different from the ones in the present paper.
The starting point of these investigations is the naive observation that a map into C n that has discrete fibers is injective if and only if the pre-image of any given point is a connected set. The next logical step consists in trying to infer injectivity ( [1] , [8] ) or, in the present case, the finiteness of fibers, from the requirement that the pre-images of one-dimensional objets (such as complex lines), rather than points, are connected.
Thus far injectivity can be achieved if X carries the right geometry, but only under the stronger assumption that the pull-backs of all complex lines that intersect the image are not only connected, but actually 1-connected (Corollary 1.3).
In what follows we elaborate on the relationship between differential geometry and the problem of estimating the size of a fiber of a local biholomorphism. Along the way, we provide a rough outline for the proof of Theorem 1.1.
The pre-image of a generic complex line is a 1-connected two-dimensional real surface that is properly embedded in X (hence complete relative to the induced metric). Furthermore, it has negative curvature (more generally, the holomorphic sectional curvature of a Kähler submanifold is not greater than that of the ambient manifold ( [6] , p.164, 176)).
Thus, the pre-image of such a complex line is a Cartan-Hadamard surface, and therefore any two distinct points in it can be joined by a unique geodesic.
After reducing the proof of Theorem 1.1 to the (complex) two-dimensional case, in Theorem 2.1, one can take advantage of the above mentioned uniqueness of geodesics and construct a continuous nowhere vanishing section s of the restriction of the tautological line bundle L to the complement of the finite set in CP 1 that corresponds to the exceptional lines whose pre-images are not 1-connected.
One then proceeds to show -and this is the heart of the matter -, that if the estimate (1.1) does not hold then each one of the singularities of s must have index zero.
The arguments employed to establish the vanishing of the local indices involve once again the use of geodesics, this time to deform continuously the section s into another one whose local index at the singularity in question is manifestly zero. By the Poincaré-Hopf theorem, the Euler number e(L) of L is the sum of the local indices of all the singularities of the section s, and so it would be zero, contradicting e(L) = −1.
The present paper is part of a larger program whose aim is to study global invertibility and related questions in the complex-analytic setting, using geometric, analytic and topological tools ( [3] , [8] , [9] , [14] ).
2 Proof of the main result. Theorem 1.1 admits a slightly stronger formulation, which we will state and prove in this section. Replacing F by F − F (p), where F (p) = q, we may assume q = 0. Theorem 2.1. Let X be a connected complex n-manifold that carries a complete Kähler metric of negative holomorphic sectional curvature, n ≥ 2, F : X → C n a local biholomorphism, 0 ∈ F (X). Assume the existence of a subspace V ⊂ C n , dimV = 2, and of an integer k ≥ 1 such that:
b) For all but finitely many complex lines l ⊂ V that pass through 0, F −1 (l) is 1-connected. If l is any of these exceptional lines, F −1 (l) has at most k components.
Then the fiber F −1 (0) has at most k elements.
We now proceed to show how Theorem 1.1 follows from Theorem 2.1. Let V ⊂ C n be a two-dimensional subspace, as in the statement of Theorem 1.1, with the property that its image in projective space intersects Σ (notation as in the Introduction) on a finite set. Since there are only finitely many one-dimensional subspaces l ⊂ V for which F −1 (l) is not 1-connected, hypothesis c) of Theorem 1.1 implies the existence of k ≥ 1 satisfying b) in Theorem 2.1. It is now clear that Theorem 2.1 implies Theorem 1.1 if one can establish that F −1 (V ) is connected. To this end, let us argue by contradiction and write
The space of lines in V that pass through q = 0 can be naturally identified with the projective plane CP 1 . If π is the natural projection, let E = π(V − {0}) ∩ Σ ⊂ CP 1 be the finite (perhaps empty) set corresponding to the lines whose pre-images are not 1-connected. As the pre-image F −1 (l) of a complex line l is connected when π(l) ∈ CP 1 −E, one has
For j = 1, 2, these sets are non-empty, open, disjoint, and their union is CP 1 − E. Since E is finite, CP 1 − E remains connected, and we have a contradiction. Thus, as claimed, F −1 (V ) is connected, finishing the proof that Theorem 1.1 follows from Theorem 2.1.
The proof of Theorem 2.1 itself is fairly involved, and will take the remainder of this section. We start by explaining why it suffices to consider only the case dim C X = 2.
Notice that, by b) of Theorem 2.1,
Since the latter is connected, by a), one sees that
The metric induced from X makes F −1 (V ) into a connected complete Kähler surface of negative holomorphic sectional curvature ( [6] , p.164, 176). In view of (2.1), we may therefore assume in Theorem 2.1 that X = F −1 (V ), and F : X → C 2 is a local biholomorphism satisfying b) of Theorem 2.1. In this context, V = C 2 so that a) is trivially satisfied. Furthermore, Σ ⊂ CP 1 is a finite set. After the above reduction to the case dim C X = 2, we argue by contradiction and assume that F :
is properly embedded, it follows from ( [6] , p. 164, 176), that the holomorphic curve F −1 (l) can be viewed as a complete connected real surface of negative curvature, relative to the metric induced from the complete metric of negative holomorphic sectional curvature on X. On the other hand, by assumption, F −1 (l) is simply-connected. Hence, at every point of F −1 (l), the exponential map is a diffeomorphism by the classical CartanHadamard theorem ( [10] , 162-163). In particular, any two points in F −1 (l) can be joined by a unique geodesic.
Again, for
It is easy to see that ω ′ l (0) depends continuously on l. This is so because geodesics converge to geodesics in the C 2 topology, together with the fact that there is only one geodesic in F −1 (l) joining p 1 to p 2 . Consider the tautological line bundle over CP 1 , whose total space is
It is a well-known fact that the Euler number of L satisfies e(L) = −1 = 0. The map
will play a central role in our proof. Notice that, since dF (p) is everywhere non-singular, s is a nowhere-zero continuous section of the restriction of the tautological line bundle to the complement in CP 1 of the finite set Σ. Alternatively, we can view s as a section of L with (finitely many) singularities at the points of Σ.
Our strategy to prove Theorem 2.1 consists in showing that, in the presence of the condition #F −1 (0) > k ≥ 1, the local index of s at each one of these singularities is zero. Then, by Poincaré−Hopf index theorem ( [2] , p. 123-124), the Euler number of L would be zero, contradicting e(L) = −1. Thus, as claimed in the theorem, one would have #F 2 × S 1 is given the product orientation. Then, the local index of the section s at the singularity l α is the degree of the composite map:
whereD 2 is the closure of D 2 , ∂D 2 is the boundary ofD 2 and π :
, where g 0 is the standard inner product on C 2 .
On the other hand, since we are assuming #F −1 (0) > k ≥ 1, and F −1 (l α ) has at most k connected components, there must exist some component 4 are not necessarily pairwise distinct, but p 1 = p 2 , and p 3 = p 4 . One should also observe that, although p 1 and p 2 have been chosen at the very beginning of the proof, the choices of p 3 = p Despite the fact that the components of F −1 (l α ) are not assumed to be simplyconnected in Theorem 2.1, one still has uniqueness of geodesics joining p 3 to p 4 . This is the content of the next lemma. Without it, Theorem 2.1 would be slightly weaker. The conclusion would still be the same, but condition c) would have to be strengthened to require that each connected component of the pre-images of the exceptional lines is simply-connected.
Proof. By the completeness of M 2 , there is at least one such geodesic. Suppose that
For each x ∈ U, consider the geodesics Γ : (−ǫ, ǫ) → X with Γ(0) = x and Γ ′ (0) ⊥ T x M 2 . Let Σ x be the local surface generated by these local geodesics Γ. In particular, Σ x intersects M 2 transversally at x. It follows that for every complex line l ∈ CP 1 sufficiently close to l α , Σ x ∩ F −1 (l) is a single point. In fact, for every x ∈ U , there is a neighborhood U x of x in M 2 , and a neighborhood W x of l α in CP 1 such that, for every y ∈ U x and l ∈ W x , one has that Σ y ∩ F −1 (l) is a single point. Since U is compact, it can be covered by finitely many open sets U x . Letting W be the intersection of the (finitely many) corresponding sets W x , we can then define a map π U,l , for each l ∈ W , as follows:
Furthermore, shrinking W if necessary, π U,l is an immersion. We also remark that the map π U,lα : U → F −1 (l α ) is just the inclusion. For l ∈ W , consider F −1 (l) with its induced metric from X, and denote by g(l) the metric on U induced by the immersion π U,l .
Denote by exp g(l) p 3 the exponential map of the metric g(l), based at p 3 . Since F is a local biholomorphism, for any finite positive integer k the submanifold F −1 (l) converges to F −1 (l α ), C k -uniformly over compact subsets of X, as the complex line l tends to l α . In particular, taking W smaller if necessary, we can assume that the domain of exp
Given a curve (−ǫ, ǫ) → W , t → l(t), l(0) = l α , we want to find a smooth curve t → ξ(t) in T p 3 X, such that
That such a curve ξ(t) exists follows from the implicit function theorem. Indeed, one only needs to check that
is invertible, and this is the case as M has non-positive curvature.
As a consequence of (2.6), for small enough t = 0 there is a geodesic in the Riemannian manifold (U, g(t)) joining p 3 to p 4 , with initial vector close to γ ′ 1 (0). Since the metric g(t) is induced by the immersion π U,l : U → F −1 (l), and the points p 3 and p 4 are kept fixed by π U,l : U → F −1 (l), it follows that, likewise, there is a geodesic in F −1 (l(t)) that joins p 3 to p 4 , and whose tangent vector can be made as close to γ ′ 1 (0) as one wants by taking t > 0 sufficiently small.
The preceding discussion applies to the geodesic γ 2 as well. Hence, for t > 0 sufficiently close to zero, there are geodesics in F −1 (l(t)) that join p 3 to p 4 , and whose initial vectors converge to γ By taking the disc D 2 used in the definition of Φ to be small enough, we can assume that
where υ
, π is the projection onto the second factor, and
Notice the similarity between the definitions of the maps Φ and Ψ: in the first instance the geodesics join p 1 to p 2 , while in the second they join p 3 to p 4 . By Lemma 2.2, we can defineσ :D 2 → L by
A simple argument using the uniqueness of υ lα shows thatσ is a continuous extension of σ. Accordingly, Ψ extends to the composite map
). (2.10) Lemma 2.3. Denote by g the metric of X. Then, there exists a compact set K ⊂ X and disjoint neighborhoods U α in CP 1 of the finitely many exceptional lines l α such that, for every ǫ > 0, there exists a metricĝ on X satisfying Proof. Since geodesics converge to geodesics, once iii) is established for the exceptional lines l α themselves, the existence of U α follows. Suppose, for instance, that for some l α fixed, the oriented geodesic on F −1 (l α ) joining p 1 and p 2 also contains p 3 = p α 3 , and p 3 > p 2 (in the obvious sense). Let q be a point in the open geodesic segment (p 2 , p 3 ) that does not belong to the (discrete) set F −1 (0). Choose a small geodesic ball B ǫ (q) in the ambient manifold X, and set A = B ǫ (q) ∩ F −1 (l α ). For p ∈ ∂A, denote by ν(p) the set of unit tangent vectors at p corresponding to the geodesics in F −1 (l α ) joining p to p 3 . Since the curvature is negative, it follows from the arguments in Lemma 2.2 that the set ν(p) actually consists of a single point if ǫ is small enough, and the map ν : A → T ∂A, p → ν(p), is continuous.
It is now clear that there is a metricg on F −1 (l α ) for whichg − g|F −1 (l α ) is supported inside A, ||g − g|F −1 (l α )|| C 2 is as small as desired and, furthermore, the following holds:
( †) Theg-geodesic whose initial point is the first point in ∂A of the continuation of the g-geodesic [p 1 , p 2 ] hits the boundary ∂A again at some point p with a tangent vector that is not a multiple of ν(p).
We omit the details that ( †) can always be achieved, but point out an additional simplification. By working with geodesic polar coordinates one can first make a small compactly supported perturbation of the original metric in F −1 (l α ) near q, and assume in ( †) that the curvature is a negative constant in a neighborhood of q.
To continue with the proof, it follows from ( †) and the definition of ν that theggeodesic that passes through p 1 and p 2 does not contain p 3 . Sinceg is an arbitrarily small perturbation of the metric induced by g, and these metrics coincide off B ǫ (q), it is possible to arrange matters so that there is a small perturbationĝ of the ambient metric g that coincides with g off B ǫ (q) and inducesg on F −1 (l α ). Since there are only finitely many exceptional lines l α , and finitely many possibilities for three of the points in {p 1 , p 2 , p α 3 , p α 4 } to lie on the same geodesics of F −1 (l α ), one can choose the points q in the discussion above to be pairwise distinct for the various choices of l α , and ǫ to be small enough, so that the corresponding balls B ǫ (q) are disjoint. Hence, by making a finite number of arbitrarily small perturbations of g, all supported on arbitrarily small disjoint sets away from F −1 (0), we can construct a metricĝ as in the statement of the lemma by taking K to be the union of the various closed disjoint open balls B ǫ .
Notice thatĝ is not Kähler, but by taking ǫ small enough the metric induced byĝ on any F −1 (l) has negative curvature.
Proposition 2.4. The maps Φ and Ψ are homotopic.
The proof of this proposition is divided into three cases which need to be examined separately.
Case 1: p 1 = p 3 and p 2 = p 4 . This is the trivial alternative, since Φ = Ψ.
Case 2: p 1 = p 3 and p 2 = p 4 , or p 2 = p 4 and p 1 = p 3 .
We shall assume that figure 1 . 
It is now easy to see that the map Θ is a homotopy between Φ and Ψ.
Case 3: p 1 = p 3 and p 2 = p 4 .
By Lemma 2.3, we can choose D 2 small enough such that for any l ∈ ∂D 2 , no three points of p 1 , p 2 , p 3 , p 4 lie in the same geodesic in F −1 (l). Fix l ∈ ∂D 2 and let α l (s) : 
We need the following well-known convexity result in the geometry of surfaces of nonpositive curvature. For completeness, we include its proof. 
where γ t : [0, 1] → N 2 is the unique geodesic such that γ t (0) = ζ(t) and γ t (1) = x 2 for any t ∈ [0, 1]. Notice that γ 0 = γ. Since ζ does not intersect δ, we see that t 0 < 1. Then γ t 0 must be tangent to δ, otherwise γ t will also intersect δ for some t > t 0 , which contradicts the definition of t 0 . Hence γ t 0 must be tangent to δ, and so these curves must coincide as they are geodesics. Since x 2 ∈ γ t 0 , we have x 2 ∈ δ, a contradiction. Now, we are going to prove Lemma 2.5. We start by fixing l 0 ∈ ∂D 2 . We first show that, by relabelling p 3 and p 4 if necessary, α l 0 does not intersect In this case, we interchange the labeling of p 3 and p 4 . In other words, setp 1 
By Lemma 2.6,α l 0 andβ l 0 lie in different components of N 2 − α l 0 , and hence do not intersect each other. As we shall see below, the crucial point of the proof that α l does not intersect β l for any l ∈ ∂D 2 is the fact that, as it was arranged above, after a possible relabeling of p 3 and p 4 , the conclusion holds for a single line l 0 ∈ ∂D 2 . We now proceed to show that, in fact, α l ∩ β l = ∅ for all l ∈ ∂D 2 .
By continuity, α l does not intersect β l if l is sufficiently close to l 0 . Suppose that, for some l, α l does indeed intersect β l . We are going to derive a contradiction.
Let ℓ be the complex line such that α ℓ intersects β ℓ for the the "first time", as a variable line in ∂D 2 that started at l 0 moves towards ℓ (say, in the positive sense in ∂D 2 ).
Considering what happens when the first contact occurs, one sees that one of the possibilities below must occur (see figures 5, 6 and 7): i) α ℓ is tangent to β ℓ at some interior point of β ℓ .
In alternative i), α ℓ is tangent to β ℓ , and so these curves must coincide since they are geodesics. Then p 1 , p 2 , p 3 , p 4 lie in the same geodesic in F −1 (ℓ), contradicting Lemma 2.3. If ii) holds, α ℓ ∩ β ℓ = β ℓ (0) = p 2 , and so α ℓ passes through both p 1 and p 2 . Recall that ω ℓ : [0, 1] → F −1 (ℓ) is the unique geodesic such that ω ℓ = p 1 and ω ℓ (1) = p 2 . Since F −1 (ℓ) is a Hadamard surface, we see that α ℓ must coincide with ω ℓ . Since α ℓ (1) = p 3 , we see that p 1 , p 2 , p 3 lie in the same geodesic ω ℓ , which is again a contradiction to Lemma 2.3. For the same reason, iii) cannot happen either.
Hence, α l does not intersect β l for any l ∈ ∂D 2 , thus establishing the first half of Lemma 2.5.
Recall that
Since α l (s) = β l (s) for all s ∈ [0, 1], we see that the connecting geodesic is non-constant, and so
for any l ∈ ∂D 2 and s ∈ [0, 1]. This concludes the proof of Lemma 2.5.
We can now complete the proof of Proposition 2.4. Let Λ be the composite map
where
It follows from the properties of H that Λ is a homotopy between Φ and Ψ. This completes the discussion of Case 3, thus proving Proposition 2.4.
We can now finish the proof of Theorem 2.1. For each exceptional line l α we constructed maps Φ, Ψ : ∂D 2 → S 1 . By Proposition 2.4, deg(Φ) = deg(Ψ). Since Ψ extends to a continuous mapΨ :
, p. 126). Hence deg(Φ) = 0 and therefore, as it was explained prior to the definition of Φ, the local index of s at l α is zero. Summing over α, and using the Poincaré-Hopf index theorem ( [2] , p. 123-124), the Euler number of the tautological line bundle L would be zero, a contradiction to e(L) = −1.
Examples.
A) It is essential in Theorem 1.1 that the pre-image of each exceptional line should have only finitely many components (hypothesis c)), otherwise the fiber may be infinite.
In order to see this, consider the simple local biholomorphism F : C 2 → C 2 , given by
If λ ∈ C, the pre-image of the line w 2 = λw 1 is a graph over C, hence 1-connected. In particular, a) and b) are satisfied.
On the other hand, the pre-image of the line ω 1 = 0 is
Hence, although there is only one exceptional line, its pre-image has infinitely many components.
B) The estimate in Theorem 1.1 is sharp.
We begin with a locally univalent entire function f : C → C that covers 0 exactly k times, 1 ≤ k < ∞. These functions can be constructed as follows (we are grateful to A. Weitsman for kindly explaining to us the case k = 1).
Let
Let ψ be any entire function that solves the finite interpolation problem
for some branch of the logarithm; for instance, it is easy to see that there is a (unique) solution ψ that is a polynomial of degree ≤ k − 1. Set
and observe that z = j is a removable singularity for φ, so that φ extends to an entire function. Let Φ be an entire function satisfying Φ ′ = φ and define
Hence, f vanishes precisely at 1, . . . , k, with multiplicity one at all these points. Furthermore, f is locally univalent, since
Consider now the map F :
, hence non-zero. The fiber of (0, 0) has precisely k elements, namely (1, 0) , . . . , (k, 0).
As in Example A), if λ ∈ C the pre-image of the line w 2 = λw 1 is a graph over C, hence 1-connected. On the other hand, if l is the line w 1 = 0, F −1 (l) is homeomorphic to
which has precisely k connected components, the same number of points in the fiber F −1 (0, 0). This shows that equality can be achieved in (1.1).
C) The topological hypothesis b), to the effect that that the pre-images of the generic lines passing through q should be 1-connected, is essential for the validity of Theorem 2.1.
In order to produce an example illustrating this point, we need the result that the product of Kähler manifolds of negative holomorphic sectional curvature also has these properties. Since we were unable to locate a reference for the part of this statement concerning curvature, a proof is included in an appendix.
Every metric on an orientable real surface is Kähler, relative to the natural complex structure, and so one can endow C − {1/2} with a complete conformal metric of negative curvature (for instance, by considering the Weierstrass representation of a catenoid).
Taking the corresponding product metric on Ω := (C−{1/2})×(C−{1/2}), and using the result in the appendix, one obtains a complete Kähler metric of negative holomorphic sectional curvature, as required in the statement of Theorem 1.1.
Alternatively, and in a less elementary way, such a metric exists because the BehnkeStein theorem ( [7] , p. 240) applies to show that Ω, being the product of two open Riemann surfaces, is also Stein. In particular, Ω can be given the metric induced from some proper embedding Ω → C N , where C N is endowed with a complete Kähler metric of negative holomorphic sectional curvature [12] .
Next, consider the map
The restriction F = G| Ω : Ω → C 2 is a local biholomorphism, hypothesis a) is satisfied, and the fiber F −1 (0, 0) consists of the four points (0, 0), (0, 1), (1, 0), (1, 1) . Giving coordinates (w 1 , w 2 ) to C 2 (the target of F ), one sees that the complex lines l through (0, 0) are of the following two types: w 1 = 0, or w 2 = kw 1 for an arbitrary k ∈ C.
We now analyze when F −1 (l) is connected, for l of the second kind. Since G −1 (l) is given by the zero set of the complex polynomial
and F −1 (l) is obtained from G −1 (l) by deleting the points corresponding to z 1 = 1/2 or z 2 = 1/2, one sees that F −1 (l) is not simply-connected. In order to show that that the pre-image F −1 (l) of a generic line is connected, it suffices to show that the same holds for G −1 (l), since the former is obtained from the latter by deleting finitely many points.
Therefore, one needs to know the values of k for which the polynomial P k (z 1 , z 2 ) is irreducible. The following arguments are standard in elementary algebraic geometry. If P k is reducible, the same is true of its homogeneization
The usual criterion for the irreducibility of conics in the projective plane, in terms of the non-vanishing of the determinant of the associated quadratic form ( [11] , p. 212), now applies to show that Q k is reducible if and only if k = 0, 1.
For k = 0,
The pre-image of the line {w 1 = 0} is
Hence, there are three lines with disconnected pre-images, namely: w 1 = 0, w 1 = w 2 , and w 2 = 0. For each one of them the pre-image has two connected components (none of which is simply-connected, but this is not required in hypothesis c) of Theorem 1.1). For any other line (i.e., w 2 = kw 1 , k = 0, 1), the pre-image is connected but not simply-connected. Thus, the number of connected components of the pre-image of each of the three lines with disconnected pre-image is two, which is strictly less than four, the number of points in F −1 (0, 0). Hence, the estimate (1.2) does not hold. This is compatible with Theorem 1.1. Indeed, although a) and c) are satisfied (in fact, the pre-image of any complex line has only finitely many components), the preimage of the line w 2 = kw 1 , k = 0, 1, is connected but not simply-connected. Since the complement of any finite set in CP 1 would have to contain points corresponding to such lines, regardless of what Zariski open set one considers there will be generic lines whose pre-images are not simply-connected, and so hypothesis b) does not hold. is also a Kähler manifold of negative holomorphic sectional curvature.
It is standard that the product manifold is also Kähler. In order to show that g 1 ×g 2 has negative holomorphic sectional curvature, let ∇, ∇ 1 , ∇ 2 be the Levi-Civita connections associated to g 1 × g 2 , g 1 , g 2 , respectively. For X 1 , X 2 ∈ Γ(T M 1 ), Y 1 , Y 2 ∈ Γ(T M 2 ), we have, for i, j = 1, 2,
(4.1)
For any Z ∈ Γ(T M 1 ×T M 2 ), Z = 0, we can write Z = X +Y , where X ∈ Γ(T M 1 ) and Y ∈ Γ(T M 2 ). Let R, R 1 , R 2 be the Riemannian curvature tensors associated to g 1 × g 2 , g 1 , g 2 , respectively. Letting J = J 1 ⊕ J 2 , one has 
